An autonomous underwater vehicle (AUV) is expected to operate in an ocean in the presence of poorly known disturbance forces and moments. The uncertainties of the environment makes it difficult to apply open-loop control scheme for the motion planning of the vehicle. The objective of this paper is to develop a robust feedback trajectory tracking control scheme for an AUV that can track a prescribed trajectory amidst such disturbances. We solve a general problem of feedback trajectory tracking of an AUV in SE(3). The feedback control scheme is derived using Lyapunov-type analysis. The results obtained from numerical simulations confirm the asymptotic tracking properties of the feedback control law. We apply the feedback control scheme to different mission scenarios, with the disturbances being initial errors in the state of the AUV.
INTRODUCTION
Oceans cover three-fourths of the earth and have a large influence on the global climate. They have a great impact on the * This research is supported by NSF grant DMS-030641 lives of human beings, plants and animals. They are a huge source of mineral resources. However, many of these resources still remain untapped and potentially unknown. With the advancement of technology, man has stepped on moon. Several unmanned missions have been carried out successfully to the outer reaches of space. Scientists have been successful in sending robots as far as Mars. However, planning a successful voyage to the abyssal world still remains elusive for researchers. Executing a manned voyage to the deep sea is extremely risky because of the unknown environment. Moreover, the oceanic environment is not ideal for humans, as the ambient pressure is unbearable at depths as shallow as 200m. Thus unmanned underwater robots prove to be an ideal platform to perform deep sea research.
A successful execution of prescribed missions for an AUV, requires a robust control of the motion of the underwater vehicle. This work is mainly focused on the challenging problem of trajectory tracking for an AUV in the presence of poorly known disturbance forces and moments. Applying an open loop control to perform a desired task is not possible in such cases. Even a slight change in the state of the vehicle at the start of its mission, would lead to a large error in its final state. This is due to the fact that in such cases one can not apply a corrective force or moment to compensate for the error caused by unmodeled disturbances.
Open loop control schemes for the motion planning of AUV's have been developed in [3-5, 10, 11] . These controllers have been successfully implemented on a test-bed AUV. However, it should be noted that all these experiments were carried out in a controlled environment where the disturbance forces are negligible. In a real-world application, an AUV has to account for the dynamic environment of the ocean. While in the ocean, an AUV experiences forces and moments which are very uncertain and hence can not be modeled accurately. Amidst such an environment, missions implemented using open-loop control strategies can not be realized in practice. Therefore in such cases, a feedback trajectory tracking control scheme that is robust to these disturbances would be essential to ensure that the vehicle tracks the desired trajectory.
MODEL
We model the dynamics of an AUV by use of ideas from [10] . The position and orientation of an AUV at any point in time can be represented by (b, R), where b ∈ R 3 and R ∈ SO(3) is a rotation matrix. In the above notation, b gives the position of the origin of a body-fixed frame O B , with respect to the origin of an inertial frame O I . The rotation matrix R, gives the attitude of a rigid body. We define R to be the matrix that when multiplied by a vector expressed in a body-fixed frame yields the same vector expressed in the inertial frame. That is, if z ∈ R 3 is a vector in the inertial frame and z ∈ R 3 is the same vector expressed in the body-frame, then z = Rz . The kinematics of a rigid body are given byḃ
where the operator (·)
is the Lie algebra of the Lie group SO(3), and is identified with the space of skew-symmetric 3 × 3 matrices.
A detailed derivation of the dynamic equation of an AUV in the framework of geometric mechanics can be found in [10] . In the present work, we just state the governing equations. We assume r C G = [0 0 0] T . Then the only moment due to the restoring buoyant force is the righting moment −r
where g is the acceleration due to gravity, V is the volume of 
where
represent the drag force and drag momentum, respectively. Here W is the weight of the AUV in air. The mass matrix M = mI 3 + M ν f accounts for the mass and added mass, whereas the moment of inertia matrix J = J b + J Ω f accounts for the body moments of inertia and the added mass moment of inertia. The vectors ϕ d ν ∈ R 3 and τ d Ω ∈ R 3 are the bounded disturbance force and disturbance moment respectively, which we assume to be zero throughout this work. The control forces and moments on the AUV are given by
The equations of motion are given by the kinematics (1) and the dynamics (2).
Asymptotic Feedback Tracking of an AUV in SE(3)
In this section we develop the theory for the asymptotic tracking of reference trajectories by an AUV in TSE(3), in the absence of disturbance inputs ϕ d ν and τ d Ω . The reference trajectory to be tracked by the AUV is given by the initial desired position vector in the inertial frame b r (0), the desired orientation (i.e., rotation matrix) R r (0) and the desired translational and angular velocity time profiles in the body frame, ν r (t) and Ω r (t), respectively. The reference trajectory satisfies the following kinematic equationġ r = g r ζ r , where g r = R r b r 0 1 ∈ SE(3), and ζ r = Ω × r ν r 0 0 ∈ se(3). We first define the trajectory tracking errors as follows:
These definitions and the kinematic equation lead us to the following kinematics for the error variables:
Equations (3) and (4) can be written in a compact form asḣ = hξ, where h = Q x 0 1 ∈ SE(3), and ξ = ω × υ 0 0 ∈ se(3). Note that the kinematics of the error variables is in the standard leftinvariant form on SE(3). Let us define ν r := ν r + Ω × r x. Now, we rewrite Eq. (2) by substituting Ω = ω + Q T Ω r and ν = υ + Q Tν r . Therefore, we obtain the trajectory tracking dynamics given by
The equations of motion of the AUV, in terms of the tracking errors, are given by Eqs. (3)- (6).
As we will see, the control law for feedback tracking depends on the error in position in the reference body frame, x. However, if we exclude the control forces and moments, then the Eqs. (5) and (6), involving the dynamics of the tracking error, are independent of the tracking error in position, which is given by a or x. The control law design is based on a Lyapunov-type analysis on the nonlinear state-space TSE(3) of the AUV dynamics. The almost global asymptotic tracking performance ensures that the actual trajectory of the AUV converges to the reference trajectory asymptotically for almost all initial tracking errors except for a set of measure zero in the state space, TSE(3). We assume that we have the measurements or can estimate all the "tracking error" states, i.e., x, υ, Q and ω.
) is a Morse function on SO(3), where Q ∈ SO(3). The critical points of Φ(trace(K − KQ)) are nondegenerate, and hence isolated according to the Morse Lemma. As shown in [7] , the function Φ(trace(K − KQ)) has a total of four critical points on SO(3), which is the minimum number of critical points a function on SO(3) can have. The mere presence of multiple critical points precludes global asymptotic stabilization to the desired critical point, which is a part of the desired equilibrium state in TSE(3).
We propose the following control laws for ϕ ν and τ Ω to asymptotically track the reference trajectory in TSE(3)
It should be noted that the control law, and hence the trajectories of the closed-loop system, are continuous with respect to the error variables x, υ, Q and ω. Asymptotic convergence results can be found in [9] .
Feedback Trajectory Tracking in SE(3): Simulation Results and Observations
In this section, we present the numerical simulation results obtained from applying a numerical integration scheme to the feedback attitude dynamics. For our simulations we use hydrodynamic parameters and other physical parameters of an existing test-bed vehicle, see [10] . For simulating the feedback dynamics in SE (3), we use the Crouch-Grossmann (CG) integrator (see [6] ) for attitude motion whereas the fourth-order RungeKutta (RK) scheme for translational motion. The CG scheme preserves the structure of the configuration space.
The reference trajectories are calculated using a kinematic reduction procedure, see [5, 10] . We use the feedback control scheme developed in this paper to track the desired trajectories with an initial error in the states. In [10] , the author has implemented open-loop control schemes for different mission scenarios for the AUV discussed here. For our numerical simulations, we selected two mission scenarios to validate our feedback control scheme. The desired trajectory is given by translational and angular velocities, ν r (k) and Ω r (k), respectively at discrete time steps. We can then deduce the translational and angular accelerations, given byν r (k) andΩ r (k), respectively at discrete time steps. Now, we are ready to simulate the feedback error dynamics given by Eqs. The algorithm used to numerically simulate the feedbackcontrolled dynamics is as follows. Let i be the present time step. Using the errors x i−1 , Q i−1 , υ i−1 , and ω i−1 , we calculate the con- trol forces and moments, ϕ i and τ i using Eqs. (7) and (8) . The feedback control force and moment are then used in Eqs. (5) and (6) to obtain υ i and ω i . We use the RK numerical scheme to perform this simulation. We also calculate x i in the same routine. Then ω i−1 and ω i are used to obtain Q i from Eq. (4) using the CG scheme. For all the missions, the time step size for numerical integration is h = 0.01. This algorithm is repeated throughout the motion of the AUV.
Next we present the simulation results for different mission scenarios obtained from a numerical scheme based on the above algorithm.
The initial value of the states for this integration is given by ([1 2 3] ). The evolution of the position of the AUV with time is plotted in Fig. 2. In Fig. 3 , we compare the actual velocities of the AUV with the reference velocities. From Fig. 3 we see that the errors in the velocities in the six degrees of freedom of the AUV decrease as time progresses. Figures 2 and 3 show an exceptional performance of the controller to track the desired trajectory. We see that the feedback control corrects the initial error in the states and the final position of the vehicle matches well with its desired state. In spite of the presence of initial disturbances, the vehicle is able to realize a pure heave motion of 2.5 m. In Fig. 4 we compare the control effort required for the feedback scheme, in the presence of initial errors, as compared to the open-loop control scheme with no initial disturbances.
Mission 2
For this mission the AUV has to execute a more complex trajectory. In [10] , the design of this trajectory was motivated by the practical use of AUV to perform a seabed survey. Assuming that a camera is fit at its front, the AUV is expected to perform an L-shaped motion while maintaining a con- There is a large error in the yaw angle which also gets reflected in the error in sway. Thus, we see that in the presence of initial disturbances, the desired trajectory is not achieved using an open-loop control scheme.
Next, we present the results obtained using a feedback control scheme in the presence of disturbances. The reference trajectory is generated using the open-loop control with the assumption of zero error in the initial states. ([1 2 3] ). Figure 6 plots the reference trajectory and the actual trajectory. In Fig. 7 we give the evolution of the desired and the actual Euler angles with time. A comparison of the reference and the actual velocities of the AUV is made in Fig. 8 . The control effort for both the feedback and open-loop control scheme is plotted in Fig. 9 . In Fig. 6 we notice that the feedback controller tracks the desired trajectory quite well. We observe from the reference plots that for the first 5 s, the vehicle does not We also observe from the plot that after t = 35 s, the AUV is executing a pure sway motion. In Fig. 7 , we see that despite initial errors in the Euler angles, the AUV is able to maintain the −20
• pitch angle. The errors in roll and yaw also show an asymptotic decrease.
Conclusion
In this paper, we have shown successful numerical implementation of a feedback control law for different mission scenarios of an AUV. The control law was derived using Lyapunovtype analysis on the nonlinear state space of AUV motion. The numerical simulation results justify the asymptotic properties of the control law. We saw that by using a feedback control scheme, we can attenuate the effect of initial disturbance forces and moments on the dynamics of the AUV. This would help us in our endeavor to test the motion planning algorithms on an AUV in the uncertain environment of the oceans.
However, in order to attenuate the effect of time varying disturbance forces, we will need to design a robust controller that tracks the desired trajectory while rejecting the effects of these disturbances. The next phase, which is currently under study, is to account for such forces and moments while tracking the desired trajectory.
Efforts are on to test the feedback control scheme, derived in this paper, on our test-bed AUV. As a first study of the implementation of the technique on the vehicle, we would be testing it in a controlled environment. This will help further the development of the theory and better implementations amidst the unknown oceanic environment.
